Abstract-The effect of the density inhomogeneity on the Oscillating Two-Stream Instability (OTSI) of a lower hybrid pump wave with a finite wavelength is being investigated. The coupled differential equations are solved in Fourier space by converting them into an uncoupled eigenvalue equation and then applying a quantization condition. Expressions are obtained for the growth rate and the convective threshold, and the results are applied to the Princeton Large Torus (PLT) parameters.
I. INTRODUCTION
T HE heating of the toroidal plasmas by the externally launched lower hybrid waves is of great interest in fusion applications. According to the linear dispersion relation derived under the cold plasma approximation, the launched lower hybrid wave can propagate into the interior of an inhomogeneous plasma along a conic trajectory up to the lower hybrid resonance layer (co o = CO L H)> where the refractive index becomes infinity and consequently the wave can be absorbed by the linear mechanisms. But in this region thermal corrections are important and the dispersion relation becomes a bi-quadratic equation in terms of the component of the wave vector along the density inhomogeneity. Hence, the launched lower hybrid wave can mode convert into a fast-ion mode [1] , [2] even before the pump wave reaches the lower hybrid resonance layer and heats ions via ion Landau damping. However, at the power levels employed in experiments, the nonlinear processes (i.e., parametric instabilities) can become effective even before the pump wave reaches the linear mode conversion layer. In realistic fusion-type plasmas, the physical effects such as the density inhomogeneity, magnetic shear, finite pump width, etc., can considerably modify these instabilities.
Here we study the effect of the density inhomogeneity on the Oscillating Two-Stream Instability (OTSI) [2] - [8] of a lower hybrid pump wave. The density inhomogeneity introduces dephasing that restricts the interaction region where the matching conditions hold. The loss of energy due to convection from this region introduces a certain convective threshold for the onset of this instability.
In the following section we derive two coupled mode equations which describe lower hybrid waves under OTSI conditions. In Section III these equations are solved for eigenvalues by converting them into an eigenvalue equation in Fourier space and applying a quantization condition [9] . In Section IV these results are extrapolated to the dipole pump, and in Section V they are applied to the Princeton Large Torus (PLT) parameters at the linear mode conversion layer.
II. MODE COUPLED EQUATIONS
Consider a slab model of a tokamak with a static magnetic field B 0 \\z and plasma inhomogeneity along the x axis. The lower hybrid pump wave
is launched into the plasma with k 0 lying in the xz plane.
In the presence of the pump, both electrons and ions acquire the oscillatory velocities,
where e, m, fl, and M are the electron charge, mass, cyclotron frequency, and ion mass, respectively. The pump wave is unstable to^a low jrequency (co « co o ), and a short wavelength (k » k 0 ) quasi-mode potential per-
The density perturbation n associated with the perturbation <f> in the presence of oscillatory velocities produces nonlinear currents driving the lower hybrid sidebands at w i,2 = co 0 T co; k xl = k 0 T k. The linear response of electrons and ions to the sideband potentials, charge imbalance within the characteristic time of the lowfrequency mode. Considering the electron and ion mox fl) mentum equations and combining the parallel components, we can have the self-consistent density perturbation of the low-frequency quasi-mode,
where y = 1,2 and the quantities /JQ, $« = (^B^/'") 1^2 and #, = (k B Tj/My^2 are, respectively, the equilibrium plasma density, the electron thermal velocity, and the ion thermal velocity. Considering the electron and ion nonlinear flux densities in the continuity equations, and substituting the resulting linear and nonlinear charge densities in the Poisson's equation, we can have the following coupled equations to the sideband potentials:
where co p and co,,, are the electron-plasma frequency and the ion-plasma frequency, respectively. The pump and the sidebands exert^ a ^low-frequency ponderomotive force ) » 1, the electron and ion inertial effects can be ignored. The transverse motion of the charged particles in the potential field <t> is considerably suppressed by the magnetic field, but the particles follow the potential perturbation adiabatically along the magnetic field and neutralize the
where C s and fl, are the ion acoustic wave speed and the ion-cyclotron frequency, respectively. Combining (4) and (5), we can have two coupled equations in (j>* and <f> 2 . We now introduce the wave growth rate and the damping rate by phenomenologically replacing co, with oij + i(y + y L k), and explicitly, the density inhomogeneity «o In the following section we investigate the solution of the coupled equations (6 (8a) 
In the process of the elimination of/ 2 we ignore the variation of the coupling factor over x because (Q,/w 0 ) « 1. Allowing further transformation, 
(12d) We find eigenvalues [9] by assuming that (k y L) is large and by neglecting F, and F 2 in (12a). F, and F 2 are then included as a small perturbation that determines the correction to the eigenvalues. According to the WKB approximation, the solution of (12) can be written as The function Q 0 (x) can become positive inside and negative outside the turning points. This is analogous to a potential well problem in quantum mechanics. Retaining only well-behaved solutions at x ~* ± °°. we can obtain bounded eigenstates with eigenvalues (iy) and -Im(iy) > 0 as the growth rate. This is precisely the nature of the absolute instability of the decay waves. Then, the integral in (13) satisfies the following quanti-zation rule: Equation (17) gives rise to the location of the maximum, provided that the square-root term vanishes; i.e., only when Here we consider the negative sign for (iyo)/ in order to have a positive growth rate -(iy o )i > 0, where the negative sign indicates the bounded eigenstates. The maximum point Xs corresponds to the resonant point where the mismatch is zero. The wave vectors involved in this instability at this point in the presence of the density inhomogeneity are equivalent to those involved in the homogeneous plasma. Equation (23) gives rise to a larger growth rate only when k y > k Ox . We can have bounded eigenstates in the presence of the density inhomogeneity provided that the slope of the function F o (x) at x s is negative; i.e., ax 2 < 0: 
(25)
Thus the range of k y and \ s is restricted by this condition. We now consider the effect of the density inhomogeneity on the eigenvalues by taking into account F' = F x + F 2 as a perturbation. Letting x = X* + Xi, 7 = 7o + 7i, and expanding F in (12), we have
Equation (12) now becomes Now the total growth rate, including the effect of the density inhomogeneity, is given by This is simply the quantum harmonic oscillator with a potential d 2 F 0 /dx z \ Xs < 0. Therefore the correction to the eigenvalues is (28) where dF 0 (k 2 + kl)
"('7o. Xs)
and the real frequency 
where Re and Im represent the real and imaginary parts, respectively. In obtaining the eigenvalues (28), we ignore the effect of the perturbation F 2 , which is very small and of the order of 1 /(k y L) 2 . We can have the expression for the convective threshold by equating the growth rate in (31) to zero.
IV. EIGENVALUES FOR THE DIPOLE PUMP
For the dipole pump we can obtain the eigenvalues by extrapolating the results from the previous section by substituting k Oz , k Ox = 0. However, in this case the turning points xi,2 can be obtained more exactly without ignoring the thermal effects. The function F 0 (x) is at the extremum (i.e., dF 0 /dx = 0) at the following points: But the extremum points x s ± violate the condition (25), and the function F o is minimum at these points, thus leading to unbounded eigenstates. However, at the extremum point x s = 0 the condition (25) can be satisfied; also, this point is the same as the one we obtain by extrapolating the previous results (22). Therefore the wave vectors involved in this instability with the dipole pump at this resonance point are oriented in the plane which is transverse to the density inhomogeneity. Since the slope of the function F o doesn't vanish at this point, we may believe that the decay waves pick up momentum along the density inhomogeneity as they progress from the resonance point. Therefore the nature of the decay waves is different from that of the linear lower hybrid waves. The real frequency of the quasi-mode vanishes by extrapolating the result (32). However, we can obtain finite real frequency by considering the perturbation F 2 in (28): Thus, this instability is a purely growing one in the case of a homogeneous plasma with a dipole pump. However, the density inhomogeneity introduces finite real frequency.
V. APPLICATION TO PLT PARAMETERS
We apply the results from Section III to the linear mode conversion layer, where the lower hybrid pump wave can convert into a fast-ion mode due to thermal effects. At this layer the ion-plasma frequency and wave vector are given by[l] 
(36)
We present here (Fig. 1) a plot for the growth rate (7/o>n) and convective threshold (P in W/cm 2 ) against the wave vector k y /k Ox . It is observed that k y /k Ox ~ 2.0 is the optimum range for the occurrence of this instability. When k y /k Ox S 3.0, the condition (25) is violated. As the value of j fc y increases, the convective threshold decreases and the growth rate increases. The physical mechanism responsible for this variation with k y consists of two parts: In the first part, as k y increases the wave vector of the decay waves along the density inhomogeneity may increase in order to keep the real frequency of the quasimode constant. Consequently, the group velocity components along the density inhomogeneity decrease, and hence the loss of the convective energy flux density decreases. Therefore the threshold power decreases and the growth rate at a given pump power increases. However, in the second part the increase of the coupling factor with the increase of k y contributes further for the increase of the growth rate and the decrease of the convective threshold.
